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Abstract A unicyclic graph is a connected graph whose number of edges is equal
to the number of vertices. Hou (J Math Chem 29:163-168, 2001) first considered the
minimal energy for general unicyclic graphs. In this paper, we determine the unicyclic
graphs with the minimal energy in Z/Iﬁl and the unicyclic graphs with the first forth
smallest energy in U, (n > 13) vertices.
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1 Introduction

Let G be a graph on n vertices and A(G) the adjacency matrix of G. The characteristic
polynomial of G denotes
n
$(G;x) = [xE — A(G)| = D aix""" 0]
i=0
where E is the unit matrix of order n.

The eigenvalues A1 (G) > 12(G) > --- > A,(G) of ¢(G; x) = 0 are called the
eigenvalues of G. Since A(G) is symmetric, all eigenvalues of G are real. The energy
of a graph G is defined as

n
E(G) =D |1(G)l.

i=1
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This concept was introduced by [5] and is intensively studied in Chemistry, since
it is closely related to the total w-electron energy of the molecular in conjugated
hydrocarbons. For more details on the chemical aspects and mathematical properties
of E(G) see [3,4].

The energy problems of some special graphs have been extensively investigated
see [10,11], etc. Minimal energy of unicyclic graphs are usually harder than those of
acyclic graphs. Hou [6] first considered it for general unicyclic graphs. Recently, the
minimal energy of unicyclic graphs with perfect matching has been presented in [8,9].

Let G be a graph with n vertices and the characteristic polynomial of G be (1).
Set b; (G) = |a;(G)| (0 < i < n). Notice that by(G) = 1 and b(G) is the number
of edges of G. Let m(G, k) (k > 1) be the number of k-matchings of G and define
m(G,0) = 1,m(G, k) =0 (k < 0). E(G) can be expressed as the Coulson integral
formula in (1)

2 n 2

1 +°°1 5] 5]
2j 2j+1
E(G) = o / Fln z byjx“ | + E byjyix™ dx. )
e =0 =0

From Eq.2, we have

1) 2 e 2

+o00
1 . ,
E(G) = / ) In szjx2f + Zij-q-le]—H dx 3)
0 j=0 Jj=0

8-

and it follows that £(G) is a monotonically increasing function of b; (G) (0 <i < n),
that is, if G1, G are unicyclic graphs, and

bi(G1) = bi(G2) 4)
for all i > 0, then
E(G1) = E(G2) ©)

and equality holds if and only if b; (G1) > b;(G3) for all i. If (4) holds for all i, then
we write G| > Ga, and we write G| > G, if E(G1) > E(G»).

A unicyclic graph is a connected graph whose number of edges is equal to the
number of vertices. Let I, and L{,ll denote the set unicyclic graphs with n vertices, the
set unicyclic graphs with n vertices and the cycle Cj, respectively. In this paper, we
determine the unicyclic graph with the minimal energy in Z/{,l, and the unicyclic graphs
with the first forth smallest energy in i/, (n > 13) vertices.

. e . 1
2 The minimal energy in U/},

The following lemmas are necessary for our main results.
Lemma 1 ([2]) Let G be a graph and uv be an edge of G. Then
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Fig. 1 The graphs of order n

m(G, k) = m(G — uv, k) + m(G —u — v, k — 1) (O§k§ SJ)
Lemma 2 ([2]) Let T be a tree with n vertices and T & {K1 ,—1, T(1,n —3)}. Then
T>T(1,n—3) > Kin-1,

where T (1,n — 3) is obtained from P, by attaching one pendent vertex and n — 3
pendent vertices at P>, respectively.

Let Gbeagraphand G —u =T U---UT, U H U---U Hg where u is a cut
vertex and 7; (1 <i <r) are trees with >, |[V(T})| = . If G’ is obtained from G
by replacing Ty U - - - U T, by ¢ pendent vertices, we say that G’ is obtained from G
by Grafting I (see Fig. 1).

Lemma 3 If G’ is obtained from G (G # G') by Grafting I (see Fig. 1), then
E(G) > E(G)).

Proof We prove the result by induction on s, and denote v is adjacent to u in H;.
If s = 0, then G'=K;, # G’, then by Lemma 2, we get G > G’. Suppose that
the result holds for s = p — 1 (p > 1), then we prove the result holds if s = p. Since

G-t—v= (T}U---UT)UH U---UH,_)U (H, — )
=tPPUH U---UH,_DUH; —v) =G —u—v,

and by induction we have
G —uv=(G— Hs)UHj >(G/_HY)UHY:G/_MU~

From Lemma 1, the proof is completed. O

Let G € U,ll with vy attaching a rooted tree Kyy (s > 1) and i = min{j|v; €
V(C)),d(v;) = 3and2 < j <I}. Suppose that v; attaching arooted tree K1, (f > 1),
if G” is obtained from deleting a pendent vertex at v; and adding a pendent edge at
v, we say that G” is obtained from G by Grafting II. Obviously, G” € U..
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Lemma 4 [f G” is obtained from G (G # G") by Grafting II, then
E(G) > E(G").
Proof Suppose that s + ¢t = ¢. Let u be a pendent vertex at v; and v be a pendent
vertex at v;. We prove the results by induction on q.
Ifg =2,thens =t = 1. By Lemma 2.4 in [7], we have
G — v > G — vy,
and
G—-—vi—vy DG —v —u,
so by Lemma 1, we have G >~ G”.
Ifs+t=gqg—1(q > 3), then the result holds. Let u be a pendent vertex at v;.
Now we approve s + ¢ = ¢g. By induction, we have
G —vu > G" —vu,
and
G—vl—uDG”—vl—u,
so by Lemma 1, we have G > G”. So the result is followed. O

Combining Lemma 3 with Lemma 4, we can determine the first minimal energy in
U
Theorem 5 If G € U, — S, then

E(G) > E(S)),

where Sfl is obtained from C; by attaching n — | pendent vertices at a vertex v of Cj.

3 The minimal energy in U4,

A unicyclic graph is a connected graph whose number of edges is equal to the number
of vertices. It is easy to see that each unicyclic graph can be obtained by attaching

rooted trees to the vertices of a cycle C; of length /. Thus if Ry, ..., R; are [ rooted
trees (of orders ny, ..., nj, say), then we adopt the notation U;(Rj, . . ., R;) (or simply
U(Ry, ..., R;) sometime for convenience) to denote the unicyclic graph G (of order

n = ny + --- + n;) obtained by attaching the rooted tree R; to the vertex v; of a
cycle C; = vivy ...y (i.e., by identifying the root of R; with the vertex v;) for
i=1,...,L
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S8 =U(n—3,0,0) S!=0U(n—4,0,0,00 U(n—4,1,0) Un-5,0,1,0)

Fig. 2 The unicyclic graphs of order n

In the special case when R; is a rooted star K1 ,, with the center of the star as its
root, we will simplify the notation by replacing R; by the number q;.

Let S(a, b) be the tree of order a + b + 2 obtained from K , and K j, by adding
a edge e = uv, where u, v are the star centers of K , and K 5, respectively.

Let R(a, b) be the rooted tree with S(a, b) as its underlying tree and with the vertex
of degree a + 1 as its root.

Using the above defined notations, we can write the graphs as in Fig. 2.

The following lemmas are needed for the proofs our main results in this section.

Lemma 6 ([6,9]) Let G € U!, then
(1) ifl =2r, then

b (G) = m(G, k) +2(=1) " m(G — C;. k —r)

and by1+1(G) = 0;
(2) ifl =2r + 1, then by (G) = m(G, k) and

2m(G — Cpk—r), 2k+1>1
bz"“(G):[ ( ol : 2k+1<1°

Lemma 7 ([1]) Let G be a graph and uv be an edge of G, then

$(G;x) =¢(G —uv;x) — (G —u—v;x) =2 $(G — V(2); x)
V4

where Z is a cycle containing uv.

Lemma 8 ([6]) Let G € Z/{,ﬁ an uv be a pendent edge of G with pendent vertex v, then
bi(G) =bi(G —v)+b;_2(G —v—u).
Lemma9 Let S., U(n —5,0,1,0) €Uy, (n > 7,1 > 5), then
St~ Um—5,0,1,0).
Proof By Lemma 7, it is not difficult to calculate

dUn—15,0,1,0);x) = x"*[x* — nx? + 3n — 13)], (6)
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Fig. 3 The graphs of order n

where bo(U(n—5,0,1,0)) =1, bp(U(n—5,0,1,0)) =n, ba(U(n—5,0,1,0)) =
3n —13.

Letn — [ = p, we prove the result by induction on p.

If p =0, then S,i = Cp. Using Lemma 6, we know that

by(Cp) = m(Cp,2) =2
=m(Py,2) +m(P,—,1) =2
- n=-3)n-2 +(n—-3)-2

2
>3n—13=bs(U(n—5,0,1,0)),

so we can obtain C,, = U(n —5,0,1,0) forn > 7,1 > 5.
Suppose that the result holds for p — 1 (p > 1), then we prove the result holds if
p. Let v be a pendent vertex, then by Lemma 8, we have

bi(S}) = bi(Sh_y) + bi—a(P1-1),
so by induction, we know forn > 7,1 > 5

ba(Sh) = ba(St_ )+ ba(Pi—1)
>3n—1)—1341—-2>3n—13=bs(U(n — 5,0, 1,0)),

and

0,/ #2k+1
b1 (G) =12 i2k+ 1
Then we complete the proof. O

If G" is obtained from G by replacing 7 U - - - U T, by t — 2 pendent vertices and
a pendent path of length 1, we say that G” is obtained from G by Grafting III (see
Fig. 3).

Lemma 10 If G" is obtained from G and G ¢ {G, G'} by Grafting Il (see Fig. 3),
then

E(G) > E(G").
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Proof We prove the result by induction on s, and denote v is adjacent to u in H;. If
s = 0,then G” = T(,n —3) # K\, then by Lemma 2, we get G > G". Suppose
that the result holds for s = p — 1 (p > 1), then we prove the result holds if s = p.
Since

G—-u—-v=mMU---UT,)UH U---UH;_1)U (Hy —v)
st —-2PPUP,UH U---UH;_)U(H; —v)=G" —u—v,

and by induction we have
G—uv=(G—Hy)UH; ~ (G” — Hy) UH; =G" —uv.
From Lemma 1, the proof is completed. O
Lemma 11 Let U(n —5,0,1,0), U(R(n —5,1),0,0) € U, withn > 13, then
EU(RMn—5,1),0,0)) > E(U(n —5,0,1,0)).
Proof By Lemma (7) we have

¢(U(R(n _ 5’ 1)’ O, O), )C) — xn—6(x _ 1)(x + 1)[x4 — (n — 1)x2 — 2x +n— 5]
= x”_6(x — 1)()6 + l)g(-x)3
dUMn—5,0,1,0:x) = x"*x* —nx? + Gn — 13)] = x4 (x),

where g(x) = f(x) + (x2—2x —2n+8) = fx)+h(x).Letx;,y; (1 <i <2)be
the roots of f(x) = 0 and g(x) = 0, respectively.
It is not difficult to calculate that

Y=L en+927 N Lo
7(5) =g ton o 7 (5) = g3 0127,
Vv Lo /;

and

3 1

g (*/75) = _%6(3;12 —20n +16v/n +80), gn—1) =n—2v/n—1-35.

If n > 13, then we have
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and
3
Z<y1<1, %E<y2<\/n—l.

It is easy to check g(x2) < 0, so we can obtain x3 < y and x; < 7/4 < 1 + yy,
then

E(U(RMm—5,1),0,0) =214+ y1 +y2) >2(x1 +x) =EUMn—-5,0,1,0)).0

Theorem 12 If G € U, — {S2, S}, U(n —4,1,0), U(n —5,0,1,0)} withn > 13,
then

G>Um-5,0,1,0).

Proof We will discuss according to [.

() 1>5.
Using Theorem 5 and Lemma 9, we have

G>S8 =8 >~Umn—-41,0).
2) I=4.
(a) The number of rooted vertex is 1.
Then by Lemma 10, we have
G>URMnN-—-6,1),0,0,0).
And
d(U(R(n —6,1),0,0,0)=x""0x° — nx* + 3n — 12)x> — 2n — 12)],
ifn>6,then U(R(n —6,1),0,0,0) = U(n —5,1,0,0).
(b) The number of rooted vertex is 2.
Then using Lemmas 3 and 4, we have
G>U(,00n—4—-5,00=-Un—-6,0,2,0)>Umn—-5,0,1,0),
or
G>U(,n—4-5,0,00>Umn—5,1,0,0).
By Lemma 7, we have

dUm—5,1,0,0) = x"Ox® — nx* + Bn — 13)x% — (n — 9)],

thenifn > 6, wehave U(n —5,1,0,0) =~ U(n — 5,0, 1, 0).

@ Springer
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(c) The number of rooted vertex is greater than 2.
Then combining Lemmas 3 and 4 with Subcase 2.2, we have

G i U(n17n27n3’n4) > min{U(s’n _4_S705 0)5 (S,O,I’l _4_S70)}
- Un—5,0,1,0).

3) [=3.
(a) The number of rooted vertex is 1.
Then by Lemmas 10 and 11, we have

G>URm-5,1,1,00>U®-5,0,1,0).

(b) The number of rooted vertex is 2.
Then by Lemmas 3 and 4, we have

G>Umn-5,2,0).
And
d(n—5,2,0) = x""x* — nx? — 2x 4+ 3n — 13,
so comparing b; with (6), we have G = U(n —5,2,0) > U(n — 5,0, 1, 0).
(¢) The number of rooted vertex is 3.
Then by using Lemmas 3 and 4, we have
G >U(ni,nz,n3) =Um—5,1,1).

By Lemma 7, we have

d(n—5,1,1) = x"Ox® — nx* — 23 + Bn — 12)x* — (n — 5)],

by comparing b; with (6), we know G > U((n — 5,0, 1, 0).

Lemma 13 LetU(n —5,0,1,0), U(n — 4, 1,0), Sf, € U, withn >, then
Umn—5,0,1,00>U(m—4,1,0) > S+,
Proof 1t is not difficult to calculate

d(Un—4,1,0) = x"*[x* —nx? —2x + 2n — 7],
<75(Sf{) =x""*x* — nx? 4+ 2n — 8)],

by comparing b;, we have U(n — 4, 1,0) > S,‘l‘.
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Next we prove the first inequality. Since

E(Un—-5,0,1,0)) —EWUMm —4,1,0))
+00

1 / 1 [1+4nx2+ 3n — 13)x*]?
= — —In X,
i x2 1 4+nx2 4+ Q2n —7x*)? + (2x3)2
0

we set

r(x) = [14+nx>+ Gn —13)x*1? — [1 + nx> + 2n — x*P? — 2x°)2
= x*[(5n% = 50n + 120)x* + 2n* — 12n — Hx*> + 2n — 12)],

ifn > 7,thenr(x) > 0,s0 E(U(n —5,0,1,0)) > E(U(n — 4, 1,0)). The proof is
completed. O

Combining Theorem 12 and Lemma 13, we obtain the main result in this section.

Theorem 14 Let G € Uy, — {S3, S}, U(n —4,1,0), U(n —5,0,1,0)} withn > 13,
then

(1) E(G) > E(U(n—5,0,1,0));
(2) EU(n—5,0,1,0)) > EU(m —4,1,0)) > E(SH > E(S}).
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